The present work introduces the application of rational Chebyshev collocation technique for approximating bio-mathematical problems of continuous population models for single and interacting species (C.P.M.). We study systematically the logistic growth model in a population, prey-predator model: Lotka-Volterra system (L.V.M.), the simple two-species Lotka-Volterra competition model (L.V.C.M.) and the prey-predator model with limit cycle periodic behavior (P.P.M.). For testing the accuracy, the numerical results for our method and others existing methods as well as the exact solution are compared. The obtained numerical results indicate the ability, the reliability and the accuracy of the present method.
Introduction
As we know, the nonlinear differential equations and their system play a crucial role due to their applications in applied mathematics and science, for example, in real life phenomena modeling and in many other fields of science, such as the epidemic model [1, 2] , kinetic model [3, 4] , ozone decomposition model [5, 6] , dynamical models of happiness [7] , modeling of mosquito dispersal [8] , modeling a thermal explosion [9] and Volterra population model [10] .
The purpose of this investigation is applying rational Chebyshev (RC) collocation method to solve four nonlinear biological problems. Four problems are investigated; the first problem is the continuous population model (C.P.M.) represented as a nonlinear first order ordinary differential equation, whereas the other models are systems of non-linear differential equations. They are represented, respectively, as the Lotka-Volterra system (L.V.M.), Lotka-Volterra competition model (L.V.C.M.) and prey-predator model (P.P.M.) [11] .
Spectral methods have an important and significant role in approximate differential equations, which makes it easy in treating many phenomena and models in physics, engineering, economic and many other fields. The most common distinguished feature for spectral methods is using them as a basis in form polynomials or functions that are orthogonal with respect to the weight functions defined in bounded and unbounded domain.
The choice of trial functions gives the spectral methods a great distinguish feature. This choice depended on the analytical solution of the differential equation denoted by f (x) and the values of x for the proposed equation. This means that if f (x) is polynomial in finite domain use Chebyshev 2 of 15 polynomials, but if f (x) periodic prefer Fourier series. If f (x) defined in unbounded domain then use Hermit functions or exponential Chebyshev functions. However, if the solution defined in semi-infinite interval x ∈ [0, ∞) uses Laguerre functions or rational Chebyshev functions, especially the solution f (x) in fraction or exponential form in semi-infinite domain, the RC functions is preferred.
The RC functions were proposed by Boyd [12] in 1987, used as a basis function with the spectral methods. RC collocation method is one of the spectral methods characterized by the domain and gives us high efficient and better accuracy especially if the analytical solution is as fraction or exponential form. The RC collocation method transforms the proposed four nonlinear biological problems and conditions to algebraic non-linear systems of equations with unknown RC coefficients. In terms of the RC functions the solutions are, then obtained after solving the systems. On the other hand, rational Chebyshev functions are presented to solve differential equation in many papers by Ramadan et al. [13] [14] [15] [16] [17] [18] and Yuksel et al. [19] .
Definition, Properties and Derivative of Rational Chebyshev Functions
In this section, we use an algebraic transformation to extend the domain of Chebyshev polynomials to semi-infinite domain, which provide set of bases functions so called rational Chebyshev functions that deal with differential equations define on an infinite interval.
The new basis are written as TL n (x):
where L is a constant map parameter and the three coordinates are related by:
To avoid confusion as we leap from one coordinate to another, we shall adopt the convention that x ∈ [0, ∞) is the argument of the TL n (x), y ∈ [−1, 1] is the argument of the ordinary Chebyshev polynomials T n (x), and θ ∈ [0, π] is the argument of the cosines [12, 20] .
From Equations (1) and (2) we get:
In this study we take L = 1 (according to the study by Boyd [12] , this is the optimal value of L), and relation (4) obtains as:
where we symbolized rational Chebyshev function as R n (x) instead of TL n (x). Consequently, from above we can define rational Chebyshev functions as following. The rational Chebyshev functions R n (x) of the first kind are functions of x defined on Λ, Λ = {x/0 ≤ x < ∞} defined by the relation:
If the variable x ranges in the interval [0, ∞) hence the corresponding θ ranges in [0, π]. Now, since x = 0 corresponds to θ = π and x → ∞ corresponds to θ = 0, these ranges are traversed in opposite directions. The solution function y(x) defined on Λ can be expanded in terms of RC functions where RC functions are orthogonal and complete, as:
where:
with respect to the weight function w(x) = 1/((x + 1) √ x), and:
For more details, (see [14] ). If in Expression (5), y(x) is truncated to N < ∞ for the RC functions, then y(x) will be in the following form:
where N is chosen as positive integer and a n is unknown RC coefficients, where R(x) is a row vector with size 1 × (N + 1) of RC functions and A is a column vector with size (N + 1) × 1 as:
The kth order derivative of y(x) according to Equation (6):
When applying RC collocation method in the interval x ∈ [0, ∞) will define the collocation points by:
and at k = 0 x 0 → ∞ . However, if x ∈ [0, q], where q < ∞ will take the collocation points as:
We are interested only on the initial behavior of solutions, since our numerical tests are in the interval [0,1].
Description of the Problems
The size of population will grow if the rate of birth exceeds the death rate. The growth of Malthusian model is the grandfather of all population models: where N(t) is number of individuals in a population at time t while b and d are the average per capita rate of birth and rate of death respectively. The solution for N (t) will grow exponentially, that is, N(t) = N 0 e rt where r = b − d and N 0 is an initial population size [11] . However, over a long period of time, the growth law of exponential form for the size of population is unrealistic. Thus, we may consider that the environment has intrinsic carrying capacity K to define the model in the well-known logistic form:
where b is appropriate constant, we may transform (10) to dimensionless as:
and takes the form:
where, u 0 = u(0). Hence, the exact solution of (11) takes the form:
The next model, L.V.M., is governed by:
where α, β, γ and λ are appropriate constants. Here, the prey population is P = P(t) and the predator at time t is that N = N(t). Transforming system (13) to dimensionless form by setting:
this finally becomes:
Lastly, L.V.C.M. is considered. Each of the two species N 1 and N 2 having logistic growth in the absence of the other, where the logistic growth inclusion in the L.V.M. makes them more realistic. However, we consider the simpler model that gives a lot of the properties of more complicated models to highlight the principle, especially in regarding stability. Therefore, we consider the system as:
the constants r 1 , K 1 , r 2 , K 2 , β 12 and β 21 are all positive. Additionally, the r's represent the rates of birth, while the Ks are the carrying capacities. In addition, the constants β 12 and β 21 give a measure to the competitive effect of N 2 on N 1 and N 1 on N 2 , respectively: in general they are not equal. This model can also be non-dimensionalized by writing:
Now, we can express (15) by:
Finally, P.P.M. is represented as:
where r, K, k, D, s and h are positive constants. The following relations can be used by being non-dimensionalized (17):
The system (17) takes the following form:
Method Description
Consider the nonlinear first order initial value problem (11) as follows:
It is easy to conclude the following nonlinear equation in the unknown vector A:
u(τ) is approximated, as in Equation (6). Note that the typical collocation method is employed to obtain the approximate solution u N (τ). Thus, Equation (19) is collocated at (N + 1) points, which may be taken as Equation (9) where q = 1:
Then, the proposed technique produced a system of (N + 1) nonlinear algebraic equation. By applying the same technique on the condition, we will get another equation, and then replace it by any equation of the nonlinear system. Hence, the nonlinear system is in the RC coefficients, where one can use a suitable numerical method to solve this system. For example, the Newton iterative method with 100 iterations can be used to obtain u N (τ). Similarly, with the nonlinear systems (14) , (16) and (18) , u N (τ) and v N (τ) can also be obtained by using the collocation method:
where
and
Additionally, by substituting Equation (9) where q = 1, and replacing the equation that we got from the condition, we get a block non-linear system. Hence, a set of 2(N + 1) nonlinear system is generated in the RC coefficients. The Newton iterative method is used with 100 iterations. Then, we can obtain the approximate solutions of u N (τ) land v N (τ).
Stability and Error Estimation
The collocation method is considered to be one of most common spectral techniques used to handle the solution of differential equations. This method is easy to be implemented once the operational matrices are computed. The condition number of the coefficient matrix, which is always full, behaving like O(N 2 j ) (j represents differential equation order); see [21, 22] . The four models are from the first order ( j = 1); we found that N ∈ [6, 16] . Thus, the maximum condition number of the RC coefficient vector of the system in this study operates similar to O(256). Thus, this approach is well-conditioned and is a stable RC collocation method.
Error Estimation
The accuracy of (11) is checked by computing the absolute error e N , which is defined as:
As the approximate solutions of Equations (14), (16) and (18) are computed, the approximate solutions u N (τ), v N (τ), with their derivatives are replaced in systems. From that, we can get the residual error for the three systems, which for the second system take the form:
and for the third system:
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where τ k ∈ [0, 1], e i,N ≤ 10 −q k , i = 1, 2 (where q k positive integer), see [21, 22] .
Numerical Results and Discussion
Four models are considered to obtain the effectiveness properties and accuracy of the RC collocation method. The calculations are carried out on the P.C. Mathematica 7.0 program (Wolform Research, Inc. 100 Trade Center Drive Champing IL 61820-7237, USA). Additionally, these problems are solved by a fourth order Runge-Kutta method.
Example 1
Consider the following problem for first model. This example is mentioned in [23] [24] [25] [26] :
The presented method is applied to get the approximate solution u N (t) for N = 6, 8, 10 and 16 by the truncated rational Chebyshev series. Table 1 shows the coefficients a i of the rational Chebyshev Table 2 shows the comparison of the results of the presented method at N = 6, 8, 10 and 16 with the analytical solution. Table 3 shows the results of the other methods. When compared to ours, the results of our method shows higher efficiently and accuracy along the domain [0,1]. The solution mentioned by He's Homotopy perturbation method [24] are given as: The He's Homotopy perturbation solution gives Adomian solution at p = 1, thus the results of Adomian solution [23] are not mentioned. These results are given in Table 3 and are approximately the same in seven decimal places.
The errors obtained in Tables 4 and 5 show that the proposed method is the most efficient. In Table 6 , a comparison of the L 2 , L ∞ error norms of the proposed method and Bessel collocation method shows that N = 6 and 10, thus, the present method is more accurate. Figure 1 shows the approximate solution for RC collocation method at N= 6, 8, 10 and 16, where, Figure 2 obtains the error functions for the present method at different N, finally, Figure 3 comparing the error functions for RC collocation method and Bessel collocation method. 
Example 2
The nonlinear system with the initial conditions for third model is considered as [24] : 
By applying the present method to find the approximate solutions 
The nonlinear system with the initial conditions for third model is considered as [24] :
The approximate solution by H's Homotopy perturbation method mentioned:
By applying the present method to find the approximate solutions u N (τ) and v N (τ) for N = 8 and 10 by the rational Chebyshev functions:
The results in Table 7 shows the comparison of the approximate solutions of RC collocation method at N = 10 with other methods. Table 8 contains the residual errors of present method and the He's Homotopy perturbation method [24] . From the two tables, we can see that the RC collocation method has better accuracy along the domain [0,1], which is clear in Figures 4 and 5 . Table 7 . Numerical results for v N (τ) and u N (τ) at N = 10 compared with another methods.
Fourth Order Runge-Kutta
He's Homotopy [24] Proposed Method N = 10
He's Homotopy [24] 0.0 1.00000 1.00000 1.00000 1.00000 
Example 3
The system for the second model is mentioned in [23] [24] [25] and is given with: 
The system for the second model is mentioned in [23] [24] [25] and is given with:
To find the approximate solutions u N (τ) and v N (τ), we apply the RC collocation method for N = 6, 9 and 10 by using the rational Chebyshev functions:
Tables 9 and 10 contain comparison of previous works and the present method in the interval [0,1]. Tables 11 and 12 contain the residual errors of previous works and present method. For the nonlinear system for the fourth model, as mentioned in [24] , is given with:
He's Homotopy perturbation method introduces the approximate solution, which takes the form [24] :
By applying the proposed method to get the approximate solutions u N (τ) and v N (τ) for N = 8 and 10 given in Table 13 , and comparison between fourth order Runge-Kutta method and the Homotopy perturbation method [24] . We can see from Table 14 , which contains the residual errors and Figures 6  and 7 , that the present method is more accurate. Finally, the numerical computations for all examples are carried out by the Mathematica 7.0, with usual personal computer with specifications (Intel processor CORE i3 2.53 GHz, 2.00 GB RAM). Additionally, in Finally, the numerical computations for all examples are carried out by the Mathematica 7.0, with usual personal computer with specifications (Intel processor CORE i3 2.53 GHz, 2.00 GB RAM). Additionally, in Table 15 , the CPU time used by the program for all examples using rational Chebyshev collocation method and He's Homotopy perturbation method are computed. Finally, the numerical computations for all examples are carried out by the Mathematica 7.0, with usual personal computer with specifications (Intel processor CORE i3 2.53 GHz, 2.00 GB RAM). Additionally, in Table 15 , the CPU time used by the program for all examples using rational Chebyshev collocation method and He's Homotopy perturbation method are computed. The results in Table 15 for the CPU time are expected, since in the He's Homotopy perturbation method, the code takes a few steps to be implemented, while in our method, the models are transformed to a system of algebraic nonlinear equations that need more speed/storage to be solved.
Conclusions
In this paper, an application of the collocation technique for solving single and interacting species C.P.M. using rational Chebyshev series is investigated. The three models we considered are the population logistic growth model, an L.V.M., an L.V.C.M. and a P.P.M. Upon using the rational Chebyshev collocation points, this method transforms the four models to system of nonlinear equations with unknown rational Chebyshev coefficients. A considerable advantage of this technique is that it is very simple to implement using the Mathematica 7.0 computer program. The obtained numerical results indicate the ability and reliability and accuracy of the present method. From this work, we can see the rational Chebyshev functions are better bases to deal with problems such as the four models, as we see the analytical solution of the first model C.P.M. in fraction form for this proposed technique gives high efficiency along the domain. Moreover, the rational Chebyshev functions can deal with large domains, even if x tends to infinity.
